Conditions for the existence of heterochromatic Hamiltonian paths and cycles in edge colored graphs are well investigated in literature. A related problem in this domain is to obtain good lower bounds for the length of a maximum heterochromatic path in an edge colored graph G. This problem is also well explored by now and the lower bounds are often specified as functions of the minimum color degree of G -the minimum number of distinct colors occurring at edges incident to any vertex of G -denoted by ϑ(G).
a b s t r a c t
Conditions for the existence of heterochromatic Hamiltonian paths and cycles in edge colored graphs are well investigated in literature. A related problem in this domain is to obtain good lower bounds for the length of a maximum heterochromatic path in an edge colored graph G. This problem is also well explored by now and the lower bounds are often specified as functions of the minimum color degree of G -the minimum number of distinct colors occurring at edges incident to any vertex of G -denoted by ϑ(G).
Initially, it was conjectured that the lower bound for the length of a maximum heterochromatic path for an edge colored graph G would be In this paper, we give lower bounds for the length of a maximum heterochromatic path in edge colored graphs without small cycles. We show that if G has no four cycles, then it contains a heterochromatic path of length at least ϑ(G) − o(ϑ (G)) and if the girth of G is at least 4 log 2 (ϑ(G)) + 2, then it contains a heterochromatic path of length at least ϑ(G) − 2, which is only one less than the bound conjectured by Chen and Li (2005) . Other special cases considered include lower bounds for the length of a maximum heterochromatic path in edge colored bipartite graphs and triangle-free graphs: for triangle-free graphs we obtain a lower bound of  5ϑ (G) 6 

and for bipartite graphs we obtain a lower bound of
In this paper, it is also shown that if the coloring is such that G has no heterochromatic triangles, then G contains a heterochromatic path of length at least 
Introduction
An edge coloring of a graph is a mapping from its edge set to the set of natural numbers. If a graph G has an edge coloring specified, we call G an edge colored graph. The length of a path P is the number of edges of the path P. Unless specified otherwise, our graphs are finite simple graphs.
Let G(V , E) be an edge colored graph. We use color(e) to denote the color given to an edge e ∈ E. (To denote the color given to an edge (u, v) ∈ E, we abuse the above notation and write color(u, v).)
A heterochromatic or a rainbow subgraph in G is a subgraph H of G such that for every pair of distinct edges e 1 and e 2 of H, we have color(e 1 ) ̸ = color(e 2 ).
The conditions for the existence of large heterochromatic subgraphs in edge colored graphs are well studied in literature [14, 12, 13, 15] . Erdos et al. [10] , Hahn et al. [14] and Albert et al. [1] gave some sufficient conditions on the coloring to guarantee a heterochromatic Hamiltonian cycle in an edge colored complete graph K n . The conditions for the existence of heterochromatic Hamiltonian paths in infinite complete graphs were studied by Hahn and Thomassen [14] and later by Erdos and Tuza [11] .
The number of distinct colors occurring at edges incident at a vertex v of G is called the color degree of v and is denoted by deg c (v) . We use ϑ(G) to denote the minimum color degree of G, i.e., ϑ(G) = min v∈V (G) deg c (v). Broersma et al. [3] obtained lower bounds for the length of a maximum heterochromatic path in an edge colored graph, in terms of its minimum color degree and minimum neighborhood union conditions. We use λ(G) to denote the length of a maximum length heterochromatic path in G. They showed that for every vertex v of G, there exists a heterochromatic path starting at v and of length at least
. They also showed that if for every pair of vertices x and y of G, the cardinality of the union of the colors given to edges incident with x and y is at least s, then λ(G) ≥  s 3  + 1. Chen and Li [4] reported A. Saito's conjecture that λ(G) ≥  2ϑ (G) 3 

for any edge colored graph G.
They showed that λ(G) ≥ ϑ(G) − 1, if 3 ≤ ϑ(G) ≤ 7, and λ(G) ≥  3ϑ (G)
It is easy to see that if ϑ(G) = 1 or 2, then λ(G) ≥ ϑ(G). In the same paper, they conjectured that the actual bound could be ϑ(G) − 1 and demonstrated some examples which achieve this bound. Recently, Das et al. [8] In an unpublished manuscript from Chen and Li [5] , it was shown that if ϑ(G)
Further, in another work [6] , they showed that if for every pair of vertices x and y of G, the cardinality of the union of the colors given to edges incident with x and y is at least s, then
. This was an improvement over the result of Broersma et al. [3] . Later, they [7] also showed that, if the coloring is such that G has no heterochromatic triangles, then λ(
The results in this paper include the following.
• We give a shorter and simpler proof (compared to those in [4, 5, 8] ) showing that for any edge
• If G is an edge-colored triangle-free graph, then λ(G) ≥
• If G is edge colored and is bipartite, then λ(G) ≥
• If G is an edge colored graph without cycles of length four,
• If G is an edge colored graph without cycles of length less than g,
 . Note that, when g = 4 log 2 (ϑ(G)) + 2, this lower bound reaches ϑ − 2. Thus, in the case of graphs without small cycles, our lower bound is only one less than the ϑ(G) − 1 lower bound conjectured by Chen and Li [4] .
• When the girth of G is less than 9, we use some other methods and obtain better lower bounds for λ(G), compared to the general bound stated above.
• If the coloring is such that G has no heterochromatic triangles, then λ(G) ≥
. This is an improvement over the bound obtained by Chen and Li [7] .
A bound for the length of maximum heterochromatic paths
As we mentioned in the introduction, in an unpublished manuscript, Chen and Li reported to prove 
Lemma 1. Let G be an edge colored graph and let P be a maximum length heterochromatic path in G.
Suppose x is an endpoint of P. If x has a neighbor v such that color(x, v) ̸ ∈ C (P), then v ∈ V (P).
Proof. Suppose P is given by
. . , u t will be a heterochromatic path in G which is longer than P, which is a contradiction.
In the remaining parts of this paper, we repeatedly use the definitions given below.
Definition 1.
Let P be a maximum length heterochromatic path in G. Let P be of length t and be given by x = u 0 , u 1 , . . . , u t = y. Recall the definition of C (P) we made at the beginning of this section. We call the colors in C (P) as old colors and other colors as new colors. We define
• OLD ̸ ∈y = {c ∈ C (P) | no edge incident at y has color c}.
• OLD y→P = {c ∈ C (P) | y has a neighbor u i ∈ V (P) with color(y, u i ) = c}.
• OLD y P = C (P) \ (OLD ̸ ∈y ∪ OLD y→P ). Clearly, if c ∈ OLD y P , then y has a neighbor z ̸ ∈ V (P) with color(y, z) = c.
OLD y P = C (P) and the cardinality of this set is t, because P is heterochromatic. Table 1 Given below are some special notations frequently used in this paper. Suppose P is a maximum length heterochromatic path in G given by x = u 0 , u 1 , . . . , u t = y.
Notation Meaning References
T P (x) Set of vertices of P which are adjacent to x via an edge of a color not in C (P).
Definition 2.
M P (x) Set of vertices of P which precedes some vertex in T P (x), when P is traversed from x to y.

P i
For each u i ∈ M P (x), the maximum rainbow path P i is given by
is the set of vertices which either (i) appears before u i in P and are adjacent to u i via an edge of color different from any color in χ i or (ii) is a predecessor of some vertex u j which appears after u i in P such that u j is adjacent to u i via an edge of color different from any color in χ i .
Definition 4.
Definition 3. Let P be a maximum length heterochromatic path in G and be given by x = u 0 ,
. . , u t , which is the maximum heterochromatic path given by the proof of Lemma 6. The path P i has u i and y as its endpoints, V (P i ) = V (P) and
In Table 1 , we list some of the definitions that we use frequently so that the reader may refer to them more easily. The following lemma is a direct consequence of Lemmas 5 and 6.
Lemma 7. Let P be a maximum length heterochromatic path in G and be given by x
Lemma 8. Let P be a maximum length heterochromatic path in G and be given by
All edges incident at u i with colors from this set have their other end point in V (P).
Proof. Let P i be the maximum length heterochromatic path in G with u i as one of its end points, as given by Definition 3. By Lemma 1, all edges incident at u i with colors from the set {color(
, which is the same as V (P) by the definition of P i . This proves the second part of the lemma, because
has cardinality at least ϑ − t, since the color degree of u i is at least ϑ and |C(P i )| = t. The first part of the lemma follows,
Let P be a maximum length heterochromatic path in G and be given by x = u 0 , u 1 , . . . , u t = y. Since t ≥ |N(y) ∩ V (P)|, in order to find a lower bound for t, it is enough to lower bound |N(y) ∩ V (P)|. We can do this by applying Lemma 2, if we can get a good lower bound for |OLD ̸ ∈y  OLD y→P |. In Lemma 4, we saw that for each u i ∈ M P (x), color(u i , u i+1 ) belongs to OLD ̸ ∈y  OLD y→P . This observation was the crux of the proof of Theorem 1. Now, extending this idea, we would like to identify as many edges (u j , u j+1 ) of P as we can, such that color(u j , u j+1 ) belongs to OLD ̸ ∈y  OLD y→P .
Recalling Definition 3, we know that corresponding to each u i ∈ M P (x) the path P i = u i , u i−1 , . . . , u 0 = x, u i+1 , . . . , u t is a maximum heterochromatic path in G with u t = y as one of its endpoints. Since all edges in P i except the edge (x, u i+1 ) were also part of P, in order to identify more edges of P whose color contributes to the set OLD ̸ ∈y  OLD y→P , a strategy would be to apply Lemma 4 to the path P i for each u i ∈ M P (x), taking care to discard the contribution due to the edge (x, u i+1 ), since this edge was not in P.
Recall that M P (x) = {predecessor of u j in P | u j ∈ N(x) ∩ V (P) and color(x, u j ) ̸ ∈ C (P)}. Observe that while applying Lemma 4 to the path P, the edges whose colors contributed to the set
and color(x, u j ) ̸ ∈ C (P)}: here u j−1 was the predecessor of u j in P. Intuitively, we can apply Lemma 4 to P i for each u i ∈ M P (x) and the edges of P i we are now interested in would belong to the set {(pred(u j ), u j ) | u j ∈ N(u i )∩V (P i ) and color(u i , u j ) ̸ ∈ C (P i )}\{(x, u i+1 )}, where pred(u j ) is the predecessor of u j in the path P i from u i to y. Since V (P i ) = V (P) and χ i = C (P i ) ∪ {color(u i , u i+1 )}, this means that we would be interested in the edges of P i belonging to the set {(pred(u j ),
Therefore, the edges of interest belong to the set {(
motivates the following definition.
Definition 4.
Let P be a maximum length heterochromatic path in G and be given by
The following lemma is an integral part of the remaining proofs presented in this paper.
Lemma 9. Let P be a maximum length heterochromatic path in G and be given by x
, the first part of this lemma follows from the definition of Ψ (u i ), using Lemma 8. To prove the second part, assume that u j ∈ Ψ (u i ). By the first part of this lemma we know that i ̸ = j.
. . , u t = y be the maximum length heterochromatic path in G with u i and y as its end points, given by Definition 3. Since i ̸ = j, the edge (u j , u j+1 ) belongs to both P i and P. Therefore, we have color(u j , u j+1 ) ∈ C (P i ) ∩ C (P).
For contradiction, assume that color(u j , u j+1 ) ̸ ∈ OLD ̸ ∈y  OLD y→P . By Definition 1, this implies color(u j , u j+1 ) ∈ OLD y P and y has a neighbor z ̸ ∈ V (P) such that color(y, z) = color(u j , u j+1 ). Since u j ∈ Ψ (u i ), one of the following cases should occur by the definition of Ψ (u i ):
In this case u j ∈ T P i (u i ) and its predecessor in P i is the vertex u j+1 and therefore u j+1 ∈ M P i (u i ).
We apply Lemma 6 to the path P i , with u i taking the role of x, and u j+1 taking the role of u i to get the following observation: u j+1 is an end point of a maximum heterochromatic path P ′ in G, such that
But, we noted that y has a neighbor z ̸ ∈ V (P) such that color(y, z) = color(u j , u j+1 ), which contradicts Lemma 1 applied to P ′ .
In this case u j+1 ∈ T P i (u i ) and its predecessor in P i is the vertex u j and therefore u j ∈ M P i (u i ). We apply Lemma 6 to the path P i , with u i taking the role of x and u j taking the role of u i , to get the following observation: u j is an end point of a maximum heterochromatic path P ′′ in G, such that
But we noted that y has a neighbor z ̸ ∈ V (P) such that color(y, z) = color(u j , u j+1 ), which contradicts Lemma 1 applied to P ′′ .
Theorem 2. If G is an edge colored graph which is triangle free, then the length of the maximum heterochromatic path in G is at least
Proof. First we note that Lemma 5 can be used to derive a weaker bound of
. Let P be a maximum length heterochromatic path in G and be given by x = u 0 , u 1 , . . . , u t = y. By Lemma 5, x has at least 2(ϑ − t) neighbors in V (P). If G is triangle free, u i and u i+1 cannot be simultaneously in
We derive a better bound by using Lemmas 2, 4 and 9. By the arguments in the previous paragraph,
. From this, we can make the following observation.
From this observation, it is enough to get a lower bound for |OLD ̸ ∈y | + |OLD y→P | in order to derive a lower bound for t. The observation below, follows from Lemmas 4 and 9.
Observation 2. For any u i
Our approach is to show the existence of a u i ∈ M P (x) such that |Ψ (u i ) ∪ M P (x)| is sufficiently large and then use Observation 2 to lower bound |OLD ̸ ∈y Since G is triangle free, u l and u l ′ have no common neighbors. From this, it follows that there is no
by the definition of Ψ (u l ) and therefore by the maximality of l ′ , it follows that
Theorem 3. If G is edge colored and is bipartite, then
Proof. Let P be a maximum length heterochromatic path in G and be given by
If two vertices in M ′ P (x) are adjacent, it will create either a three cycle or a five cycle in G, which is not possible, since G is bipartite. Therefore, M
from Case 1 of the proof of Theorem 2, the statement follows.
Remark 1.
We can show that the lower bounds for λ(G), given in Theorems 2 and 3, cannot be improved above ϑ − 1. Consider the graph G k defined by Chen et al. [4] , for each integer k ≥ 3: Vertices of G k are the ordered (k − 1)-tuples of 0's and 1's and two vertices are joined by an edge if and only if they differ in exactly one coordinate or they differ in all coordinates. An edge is in color j (1 ≤ j ≤ k − 1) if and only if its two ends differ in exactly the jth coordinate, or in color k if and only if its two ends differ in all the coordinates. It is not difficult to verify that ϑ(
Moreover, G k is a bipartite graph (hence triangle-free) when k is an even integer. Now we turn our attention to the case of graphs without cycles of length 4. Proof. Let P be a maximum length heterochromatic path in G and be given by x = u 0 , u 1 , . . . , u t = y.
To prove the theorem, we will first show that |V (P)| ≥
. By Lemmas 3 and 7, we know
, using the observation from the above paragraph we have
. This
. It is easy to verify that if t < ϑ −  , this leads to a contradiction.
.
If the girth of G is at least 7, we can slightly improve the bound given by Theorem 4. Proof. Let P be a maximum length heterochromatic path in G and be given by x = u 0 , u 1 , . . . , u t = y.
To prove the theorem, we will first show that |V (
Since G has girth is at least 7, we can make the following observations:
• No two vertices in M P (x) can be adjacent.
• N(M P (x)) ∩ {x} ∪ M P (x) = ∅. This follows from the second and third observations above.
•
, by Lemma 3 and the first observation above.
From the facts listed above,
. Therefore, by Lemmas 3 and 5 and the last observation above, we get |V (
It is easy to verify that if t ≤ ϑ −  We will be using the following result by Alon et al. [2] , in order to derive lower bounds for λ(G) in terms of the girth of G.
Lemma 10 (Alon et al. [2]). Let G be a graph of average degree d and girth g. Then, G has at least
vertices.
Now, we will obtain a lower bound for the average degree of the induced subgraph of G on the vertex set V (P) and obtain a lower bound for |V (P)| using Lemma 10. is at least
Proof. From Lemmas 3 and 7, it follows that the total degree of vertices in M P (x) in the induced graph on V (P) is at least 2(ϑ − t) 2 . Also, the degrees of x and y in the induced subgraph on V (P) are at least 2(ϑ − t) by Lemma 5, which is at least 2 because t ≤ ϑ − 1 by our assumption. Since x, y ̸ ∈ M P (x), and the vertices in V (P) \ (M P (x) ∪ {x, y}) have degree at least two in the induced subgraph, the total degree of vertices in the induced subgraph on V (P) is at least 4(ϑ − t)
. From this, the lemma follows. 
Proof. Let P be a maximum length heterochromatic path in G and t be the length of P. If ϑ − t ≤ 1, the lemma follows directly. Therefore, noting that ϑ − t is an integer, we assume ϑ − t ≥ 2.
Let G ′ be the induced subgraph of G on the vertex set V (P). By Lemma 11, the average degree d of
by Lemma 10,
, the above inequality will not be satisfied.
Corollary 1. (1) If the girth of G is at least 5, G has a maximum heterochromatic path of length at least
(ϑ − 1) − 0.63ϑ Remark 2. The lower bound given by Theorem 6 improves as the girth increases, but it is clear that this bound cannot grow beyond (ϑ − 1) − √ ϑ. When the girth is at least 7, the bound given by Theorem 5 is better than the bound given by Theorem 6. In the remaining parts of this section, we will show how to extend the ideas used in the proof of Lemma 11, to obtain a lower bound for |V (P)| much better than the bounds given by Theorems 5 and 6, in the case of graphs of larger girth.
The claim below will be useful for us in deriving a better lower bound for |V (P)|. and there exists a mapping parent :
There exists a path of length 2i from x to u for each u ∈ M i and there exists a path of length 2i − 1 from x to v for each v ∈ T i .
The sets M
0 , T 1 , M 1 . . . , T i , M i are pairwise disjoint. 4. |M 0 | = 1, |M 1 | ≥ (ϑ − t) and |T i | ≥ |M i−1 |(ϑ − t − 1). If i ≥ 2, |M i | ≥ |M i−1 |(ϑ − t − 1).
For every u ∈ M i there exist a maximum heterochromatic path in G with u and y as its endpoints and its vertex set the same as V (P). This path will be denoted by path(u).
For every u ∈
Proof. We inductively construct the sequence of sets M 0 , M 1 , . . . , M k and T 1 , T 2 , . . . , T k . We start with the definition of M 0 , M 1 and T 1 .
Define M 0 = {x} and T 1 = {u ∈ N(x) ∩ V (P) | color(x, u) ̸ ∈ C (P)}. For each u ∈ T 1 (x), we define parent(u) = x. Define M 1 = {v | v is the predecessor of a vertex u ∈ T 1 (x) in the path P from x to y}. If v ∈ M 1 is the predecessor of u ∈ T 1 (x) in the path P from x to y, we define parent(v) = u.
Recall the definition of T P (x) and M P (x) and note that T 1 = T P (x) and M 1 = M P (x). Note that by the induction hypothesis, for each u ∈ M i−1 , path(u) is a maximum heterochromatic path in G with u and y as its endpoints and its vertex set the same as V (P). Therefore, by applying Definition 2 to path(u) we have T path (u) 
by the girth condition. Hence for each v ∈ T path(u) (u) \ {parent(u)} there is a path of length 2i − 1 from x to v in G, since by the induction hypothesis there is a path of length 2(i − 1) between x and u ∈ M i−1 .
Consider
has a path of length at most 2(i−1) to x by our inductive assumption, for each v ∈ T path(u) (u)\{parent(u)} the only neighbor of v in the set in 
E(G). Now, the girth condition ensures that
, T i satisfy all the required properties in Claim 1. Now we define M i . (v) ). If this claim was not true, v will have two distinct neighbors in the set T i , which contradicts the girth condition.
We use the above claim for the following two purposes.
1. We note that |M i | = |T i |. 2. We define the mapping parent : M i  → T i as follows:
This mapping is well defined, because of the claim we proved in the previous paragraph.
By this definition, for each u bound for the length of P, using property 4 of Claim 1. Alternatively, the observations above can be used to derive a lower bound for the average degree of the induced subgraph of G on V (P), which could then be used in Lemma 10 to derive a lower bound for the length of P. We use the latter approach, as it seems to yield a better lower bound.
by the girth condition. The girth condition also ensures that
M i is disjoint from M 0  M 1  · · ·  M i−1  T 1  T 2  · · ·  T i . We also get |M i | ≥ |M i−1 |(ϑ − t − 1),
Lemma 12. Let G be an edge colored graph of girth g or more, g ≥ 5. Let P be a maximum length heterochromatic path in G and P be of length t. If t ≤ ϑ − 1, the average degree of the induced subgraph of G on the vertex set V (P) is at least
Proof. Assume that G has girth g or more, where g ≥ 5 and P is given by x = u 0 , u 1 , . . . , u t = y. Also assume that t ≤ ϑ − 1. Let d(P) denote the average degree of the induced subgraph of G on the vertex set V (P) and Γ (P) denote the total degree of the induced subgraph of G on the vertex set V (P).
. Therefore, we can assume that g ≥ 9.
. This implies |N(x)∩V (P)| ≥ 2 and |N(y)∩V (P)| ≥ 2, since t ≤ ϑ −1 by our assumption. Since all nodes in V (P) other than x, y are internal nodes of the path P, it is clear that for
, from the above observations we get,
 , which implies
This implies that if G has girth g or more, where g ≥ 5, the average degree of the induced subgraph Proof. Let t be the length of a maximum length heterochromatic path P in G. If ϑ − t ≤ 1, the lemma follows directly. Therefore, since ϑ − t is an integer, we assume that ϑ − t ≥ 2. By Lemma 12, the
. Using Lemma 10,
. To satisfy this, we should have
. (4) If the girth of G is at least 4 log 2 (ϑ)
Remark 3. When the girth of G is smaller than 9, the lower bounds given by Theorems 5 and 6 are better than the lower bound given by Theorem 7. However, as the girth increases, the bound given by Theorem 7 outperforms the bounds given by Theorems 5 and 6.
Remark 4.
We can show that the lower bound for λ(G) cannot be improved above ϑ(G), even for highgirth graphs. To show this, we use the fact that k-regular bipartite graphs of large girth are known to exist for large values of k (e.g., see Lazebnik et al. [16] ). Such a graph G can be properly edge-colored using k colors since it is bipartite (by a theorem by König [9] ). With respect to such a coloring, λ(G) ≤ k, since only k colors are used for the coloring. Moreover, since G is a properly edge-colored k-regular graph, we have ϑ(G) = k and thus, λ(G) ≤ ϑ(G).
Maximum heterochromatic paths in heterochromatic triangle-free graphs
If a graph G is edge colored in such a way that each triangle in G is colored with at most two colors, we say that the coloring of G is a Gallai Coloring. If the edges of a triangle are colored with three distinct colors, we call it a Gallai triangle or a heterochromatic triangle. Chen and Li [7] showed that if an edge colored graph G has no heterochromatic triangles, then G has a heterochromatic path of length at least
. In this section, we give a proof showing that this bound can be improved to
Let G be a Gallai colored graph and let P be a maximum length heterochromatic path in G. Let P be of length t and be given by x = u 0 , u 1 , . . . , u t = y and OLD ̸ ∈y , OLD y→P , OLD y P , NEW y→P be defined as in Section 2. Recall that T P (x) = {u i ∈ N(x) | color(x, u i ) ̸ ∈ C (P)} and M P (x) = {u i | u i is the predecessor of a vertex in T P (x) in the path P from x to y}.
We can define T ′ x this way because there are at least ϑ − t distinct new colors incident at x and by Lemma 1, all such edges should have their other end point in V (P). Proof. We will describe the construction of a subgraph H ′′ of G and show the existence of a u m ∈ V (H ′′ ) with the desired properties. To construct H ′′ , we do the following.
Step 1: In this step, we construct a subgraph H of G. We will be defining the subgraph H by specifying its edge set E(H). The vertex set of H will be implicitly taken as the union of the endpoints of edges in E(H). We will be carefully selecting the edges to add to H so that no edge of H has its color from the set C (P). To select the edges of H, we do the following. 
Consider the vertices in M
(1)
Step 2: The objective here is to delete some edges from H to make sure that in the resultant graph H ′′ (i) there are no edges of the form (u i , u j+1 ) where u i , u j both belong to M 
x and they induce a triangle in H ′ , we know that at least two edges of this triangle have the same color, because G has no Gallai triangles. We choose two edges e 1 , e 2 of this triangle such that color(e 1 ) = color(e 2 ). Since this color is repeating at the common end point of e 1 and e 2 , at least one of these edges would have got a red-flag from their common end point. We delete one of the edges e 1 and e 2 , making sure that the deleted edge had got a red-flag from the common end point of e 1 and e 2 . It is clear that H ′′ satisfies both conditions (i) and (ii). We claim that H ′′ has at least
Consider an edge e ∈ E(H) \ E(H ′ ). From the procedure we followed in Step 2, e is an edge from u i to u j+1 , where 
(H). If this was not the case, since G has no Gallai triangles, color(u
. Thus, using inequality (1), we get:
Consider an edge e ∈ E(H ′ Let G be a Gallai colored graph. Let P be a maximum length heterochromatic path in G and be given
x be the vertex satisfying the conditions specified in Lemma 14
and let Ψ (u m ) be defined as in Definition 4. The observation below follows from Lemma 9, by noting that u m ∈ M P (x).
We use the following lemma very crucially for obtaining the bound λ(G) 
, by Lemma 13 and Observation 3. Now, by Lemma 2,
Moreover, there are at least ϑ − t new colors in the set COLOR y→P , because the color degree of y is at least ϑ and all edges of new colors incident at y have their other end points in V (P), by Lemma 1.
The above observation allows us to make the following definition. This implies that all vertices in the subpath P ′ = u i , u i+1 , . . . , u j of the heterochromatic path P are neighbors of y in G, through distinctly colored edges from y. Notice that for each edge (u k , u k+1 ) of the subpath P ′ , the vertex triple (u k , u k+1 , y) induce a triangle in G, which is not a Gallai triangle. We know that the edges in P ′ are colored with (j − i) distinct old colors, the edges (u i , y), (u i+1 , y) , . . . , (u j , y) are all distinctly colored, and both (y, u i ) and (y, u j ) are of new colors. To avoid Gallai triangles, each of the (j − i) distinct old colors that occurred on the subpath P ′ should appear on the edges (u i+1 , y), (u i+2 , y) , . . . , (u j−1 , y), which are only j − i − 1 in number. Since this is impossible, we can infer that u i and u j cannot belong to the same block of neighbors of y in P. 
Conclusion
We have shown that when the girth of an edge-colored graph G is as high as 4 log 2 (ϑ) + 2, it contains a heterochromatic path of length at least ϑ − 2. There are edge-colored high girth graphs whose length of the maximum heterochromatic path is ϑ (Remark 4). It would be interesting, if one can show that every edge-colored graph G of sufficiently large girth has λ(G) ≥ ϑ. We showed that a weaker requirement that G just does not contain four cycles is enough to guarantee a lower bound the endpoints of the heterochromatic path P, among the vertices of P. Instead of working with the neighborhood of only one endpoint of P, it may be possible to consider the collective neighborhood of more than one vertex and obtain a better lower bound. However, we were not able to obtain any methods to develop our ideas further in this direction.
